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Abstract: We study the generation of spin-orbit (SO) modes via four-wave mixing (FWM)-based
parametric amplification. SO modes carry quantized total angular momentum (TAM), and we
show that FWM processes that generate new signals conserve TAM. This is a generalization of
prior research which operated in a regime where FWM processes conserved spin and orbital
angular momenta independently. We calculate the growth rates of new modes for both degenerate
and nondegenerate pump configurations. Our theory is validated against numerical simulations
for the cases where the generated signals are in the same SO mode(s) as the pump(s). We also
calculate the growth rates of signals in SO modes other than the pumps.

© 2024 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Light that carries orbital angular momentum (OAM), also referred to as optical vortices or twisted
light, is characterized by a helical or twisted wavefront. In contrast to spin angular momentum
(SAM), where photons are limited to two states, OAM allows for, in principle, an infinite set
of spatially orthogonal states [1]. This feature makes OAM-carrying light a highly attractive
platform for spatial division multiplexing and quantum key distribution in free space as well as
guided-wave communication systems [2–4]. Vortex beams also have applications in particle
trapping and optical tweezers [5], optical metrology [6], quantum optics [7,8], nanoscopy [9,10],
and remote sensing [11,12].

For many of these applications, the ability to create light with a desired combination of SAM
and OAM at specific frequencies and high powers is key. Generation and amplification of free
space OAM beams, which are defined as having an azimuthally varying phase structure exp[iℓφ]
where ℓ and φ are the OAM topological charge and azimuthal coordinate respectively, has been
explored using Raman amplification in plasma [13] and four-wave mixing (FWM) in 85Rb atomic
vapor [14]. In azimuthally symmetric fibers, high refractive index contrasts produce spin-orbit
(SO) interactions. In simple terms, this refers to the dependence of the effective index of a fiber
mode of a given OAM topological charge ℓ on its SAM [15,16]. Raman amplification of “SO
modes” in fibers have been studied and demonstrated recently [17].

Of particular interest here is FWM-based parametric amplification of SO modes in fiber, for
which a typical experimental configuration is provided in Fig. 1 [18,19]. High power SO modes
are injected into a fiber that supports SO modes; one mode, labeled (+,+2), has a dominant
left-circular polarization (LCP) component and OAM ℓ = + 2, while the other, labeled (–,+5),
has a dominant right-circular polarization (RCP) component and OAM ℓ = + 5. Within the fiber,
FWM processes can amplify an ambient noise field into Stokes and anti-Stokes pairs of new
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SO modes. Conservation of energy dictates that the Stokes and anti-Stokes modes will have a
symmetric detuning frequency Ω when the pumps have the same frequency, while conservation
of linear and angular momentum will dictate which of the supported SO modes are excited. An
optical spectrum analyzer, combined with bandpass filters and an SO mode imaging scheme, can
fully characterize the fields produced in the fiber. We note that Raman scattering will also likely
occur within the fiber, producing a broader Stokes-shifted peak which will be in a superposition
of the pump SO modes [17,18].

conservation of linear and angular momentum will dictate which of the supported SO modes 
are excited. An optical spectrum analyzer, combined with bandpass filters and an SO mode 
imaging scheme, can fully characterize the fields produced in the fiber. We note that Raman 
scattering will also likely occur within the fiber, producing a broader Stokes-shifted peak which 
will be in a superposition of the pump SO modes [17,18].

Fig. 1. A typical experimental setup and result of FWM-based parametric amplification of SO 
modes in fibers. The number of lobes in the field profiles indicate the OAM ℓ, while the circular 
arrow indicates the dominant polarization. BPF: band pass filter, OSA optical spectrum analyzer.

Although FWM-based parametric amplification has been described by applying the 
multimode nonlinear Schrödinger equations (MM-NLSEs) [18,20] to SO fiber modes, there 
remains a need for a more complete theoretical description of nonlinearly interacting SO modes 
that provides insight into how the angular momentum of light is transformed during the process. 
This is important not only for the aforementioned applications, but also in the context of the 
recent surge in interest in multimode nonlinear photonics [21–23]. In this work, we present, for 
the first time to our knowledge, a generalized theory of FWM-based parametric amplification 
of SO modes in azimuthally symmetric waveguides. We consider degenerate and 
nondegenerate pump cases for the spontaneous generation of new SO modes. We show that 
these processes conserve total angular momentum (TAM), but under certain conditions 
conserve SAM and OAM independently. We also compare our theory to numerical simulations 
for the cases where the generated Stokes and anti-Stokes signals are in the same SO modes as 
the pumps – equivalent to scalar modulation instability (SMI) and cross phase modulation 
instability (XPMI) of the pump beams.

This paper is organized as follows. First, we review the properties of SO modes in 
azimuthally symmetric waveguides. We then outline the derivation and results for the FWM-
based parametric amplification processes and growth rates. These analytical results are 
compared to Fourier split-step simulations for the SMI and XPMI cases utilizing a fiber 
designed to accentuate SO interactions. Finally, we consider the generation of signals in SO 
modes different from the pump(s) by way of intermodal FWM.

2. Spin-orbit modes in azimuthally symmetric waveguides

Fibers with azimuthally symmetric refractive index profiles support modes 
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Fig. 1. A typical experimental setup and result of FWM-based parametric amplification of
SO modes in fibers. The number of lobes in the field profiles indicate the OAM ℓ, while
the circular arrow indicates the dominant polarization. BPF: band pass filter, OSA optical
spectrum analyzer.

Although FWM-based parametric amplification has been described by applying the multimode
nonlinear Schrödinger equations (MM-NLSEs) [18,20] to SO fiber modes, there remains a need
for a more complete theoretical description of nonlinearly interacting SO modes that provides
insight into how the angular momentum of light is transformed during the process. This is
important not only for the aforementioned applications, but also in the context of the recent surge
in interest in multimode nonlinear photonics [21–23]. In this work, we present, for the first time
to our knowledge, a generalized theory of FWM-based parametric amplification of SO modes
in azimuthally symmetric waveguides. We consider degenerate and nondegenerate pump cases
for the spontaneous generation of new SO modes. We show that these processes conserve total
angular momentum (TAM), but under certain conditions conserve SAM and OAM independently.
We also compare our theory to numerical simulations for the cases where the generated Stokes
and anti-Stokes signals are in the same SO modes as the pumps – equivalent to scalar modulation
instability (SMI) and cross phase modulation instability (XPMI) of the pump beams.

This paper is organized as follows. First, we review the properties of SO modes in azimuthally
symmetric waveguides. We then outline the derivation and results for the FWM-based parametric
amplification processes and growth rates. These analytical results are compared to Fourier
split-step simulations for the SMI and XPMI cases utilizing a fiber designed to accentuate SO
interactions. Finally, we consider the generation of signals in SO modes different from the
pump(s) by way of intermodal FWM.
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2. Spin-orbit modes in azimuthally symmetric waveguides

Fibers with azimuthally symmetric refractive index profiles support modes
Eq(r, t) = F̃q(r⊥,ω0) exp[i(βq(ω0)z − ω0t)], where Eq(r, t) is the complex envelope of the
electric field and F̃q is the mode’s electric field profile which has the form

F̃q(r⊥,ω) = [r̂ F̃r
q(r,ω) + ϕ̂F̃φ

q (r,ω) + ẑ F̃z
q(r,ω)] exp[iJφ] . (1)

J denotes the total quantized angular momentum. Each photon in the mode carries Jℏ angular
momentum in the ẑ direction. An equivalent representation of F̃q is produced by transforming to
the circular polarization basis,

F̃q(r⊥,ω) = σ̂+ F̃+q (r,ω) exp[i(J − 1)φ]

+σ̂− F̃−
q (r,ω) exp[i(J + 1)φ]

+ẑ F̃z
q(r,ω) exp[iJφ]

(2)

where σ̂+ = x̂ + iŷ denotes LCP and σ̂− = x̂ − iŷ denotes RCP [24,25]. For typical step- and
graded-index multimode fibers and air-core ring fibers, the transverse components of the mode
profile are dominant. Transverse electric (TE) modes correspond to J = 0, F̃−

q= − F̃+q , and F̃z
q= 0,

and can be written as

F̃(p,TE)(r⊥,ω) = F̃⊥
(p,TE)(r,ω) (σ̂+ exp[−iφ] − σ̂− exp[iφ]) , (3)

where F̃⊥
(p,TE) = F̃+

(p,TE)= − F̃−
(p,TE) and p is the radial order of the mode. That is, F̃⊥

(p,TE) has p
zero-crossings in r. Similarly, transverse magnetic (TM) modes have J = 0, F̃⊥

q = F̃+q=F̃−
q , but

F̃z
q ≠ 0, and take the form

F̃(p,TM)(r⊥,ω) = F̃⊥
(p,TM)

(r,ω) (σ̂+ exp[−iφ] + σ̂− exp[iφ]) + ẑ F̃z
(p,TM)

(r,ω) . (4)

Both TE and TM modes carry zero TAM. On the other hands, modes with J ≠ 0 do
carry a net TAM; in addition, one spin component will be dominant in the sense that, e.g.,∫

d2r |F̃±
q |

2
>
∫

d2r |F̃∓
q |

2. It is common to express such spatial modes in terms of the OAM
quanta ℓ carried by the dominant spin component rather than J, e.g. for a LCP-dominant mode

F̃(p, + ,ℓ)(r⊥,ω) = σ̂+ F̃+
(p,+,ℓ)(r,ω) exp[iℓφ]

+σ̂− F̃−
(p,+,ℓ)(r,ω) exp[i(ℓ + 2)φ]

+ ẑ F̃z
(p,+,ℓ)(r,ω) exp[i(ℓ + 1)φ],

(5)

where ℓ = J – 1. Similarly, for a RCP-dominant mode,

F̃(p,−,ℓ)(r⊥,ω) = σ̂+ F̃+
(p,−,ℓ)(r,ω) exp[i(ℓ − 2)φ]

+σ̂− F̃−
(p,−,ℓ)(r,ω) exp[iℓφ]

+ ẑ F̃z
(p,−,ℓ)(r,ω) exp[i(ℓ − 1)φ],

(6)

where ℓ = J + 1. In either case, the TAM for the (p,±,ℓ) mode can be recovered via J= s+ ℓ, where
s= + 1 for LCP-dominant modes and s= –1 for RCP-dominant modes. Depending on the design
of the waveguide and the values of ℓ under consideration, the “recessive” spin and longitudinal
components of the modes may be sufficiently small such that the approximate representation
F̃(p,±,ℓ)(r⊥,ω) ≃ σ̂±F(p,±,ℓ)(r,ω) exp[iℓφ] is well justified. However, this is not generally valid,
and there are important ramifications regarding selection rules for FWM processes that we will
consider.
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3. Four wave mixing of spin-orbit modes: theory

We now consider how SO modes interact in FWM processes. The derivation for the governing
equations is based on the generalized multimode nonlinear Schrödinger equation (MMNLSE) as
described in Refs [26,27]. We consider the electric and magnetic fields inside the fiber as the
sum of spatial modes q, each at a frequency ωq which are in the vicinity of a common carrier
frequency ω0,

E(r, t) =
∑︁
q

Aq(z)
F̃q(r⊥,ω0)

Nq(ω0)
exp[i(βq(ωq)z − ωqt)] ,

H(r, t) =
∑︁
q

Aq(z)
G̃q(r⊥,ω0)

Nq(ω0)
exp[i(βq(ωq)z − ωqt)] ,

(7)

where |ω0 − ωq | ≪ ω0, ωq > 0, Aq is the longitudinal envelope, F̃q and G̃q are the mode profiles
(approximated by their value at ω0 rather than ωq), βq is the propagation constant, and Nq is a
normalization (and mode orthogonality condition) given by

δq,q′N2
q (ω0) =

1
4

∫
d2r ẑ · (F̃q(r,ω0) × G̃∗

q′(r,ω0) − G̃q(r,ω0) × F̃∗
q′(r,ω0)) . (8)

Note that, by requiring the envelopes to have the form Aq(z), we are assuming continuous wave
(CW) signals; we will lift this assumption later in the paper to allow for temporal variations in
the envelopes. Proceeding with the derivation of the MMNLSE, we arrive at

∂zAq(z) =
−1

4Nq(ω0)
exp[−i(βq(ωq)z − ωqt)]

∫
d2r F̃∗

q(ω0) · ∂tPNL(r, t) . (9)

In this work, we are concerned with FWM processes driven by the instantaneous third-order
nonlinear susceptibility. Thus the nonlinear polarization PNL is given by

PNL =
ε0 χ

(3)

4
[2|E|2E + (E · E)E∗] exp[−iω0t] , (10)

where we have set χ(3) = χ(3)xxxx and discarded the third harmonic term. Consider the case where
the fields are composed of two pumps, labeled as modes 1 and 2, and an arbitrary collection of
smaller amplitude signals S, i.e.

E(r, t) = A1(z) F̃1(r⊥,ω0)
N1(ω0)

exp[i(β1(ω1)z − ω1t)]

+A2(z) F̃2(r⊥,ω0)
N2(ω0)

exp[i(β2(ω2)z − ω2t)]

+
∑︁
S

AS(z) F̃S(r⊥,ω0)
NS(ω0)

exp[i(βS(ωS)z − ωSt)] .

(11)

Combining Eqs. (9)–(11) and assuming β1(ω1) ≠ β2(ω2), the governing equations for the
pumps are given by

∂zA1(z) = iα1[Q(SPM)

1 |A1 |
2 + Q(XPM)

1,2 |A2 |
2]A1 ,

∂zA2(z) = iα2[Q(XPM)

2,1 |A1 |
2 + Q(SPM)

2 |A2 |
2]A2 .

(12)

where αq = ε0 χ
(3) ωq / 8 and the Q terms are overlap integrals for self-phase modulation (SPM)

and cross-phase modulation (XPM) processes,

Q(SPM)
q = 1

N4
q

∫
d2r

[︂
|F̃q |

4
+ 1

2 (F̃q · F̃q)(F̃∗
q·F̃∗

q)
]︂

,

Q(XPM)

q,j = 1
N2

q N2
j

∫
d2r [|F̃q |

2
|F̃j |

2
+ (F̃q · F̃j)(F̃∗

q·F̃∗
j ) + (F̃

∗
q·F̃j)(F̃q · F̃∗

j )] .
(13)

Since Q(SPM)
q and Q(XPM)

q,j are real-valued, |A1(z)|2 and |A2(z)|2 are z-invariant and Eqs. (12)
can be solved directly even though they form a coupled nonlinear system. The equation for an
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arbitrary signal S will include cross phase modulation by the two pumps and numerous other
nonlinear terms. If we only consider signals that can undergo amplification, even from noise, one
obtains

∂zAS(z) = iαS[(Q(XPM)

S,1 |A1 |
2 + Q(XPM)

S,2 |A2 |
2)AS

+
∑︁
A

Q(FWM1)
S,A A2

1A∗
A exp[i (2β1 − βA − βS)z] δ(2ω1 − ωA − ωS)

+Q(FWM2)
S,A A2

2A∗
A exp[i (2β2 − βA − βS)z] δ(2ω2 − ωA − ωS)

+Q(FWM3)
S,A A1A2A∗

A exp[i (β1 + β2 − βA − βS)z] δ(ω1 + ω2 − ωA − ωS)] ,

(14)

where mode A is another mode generated along with mode S, and the overlap integrals for the
different FWM processes are given by

Q(FWM1)
S,A = 1

N2
1 NSNA

∫
d2r

[︁
(F̃1 · F̃∗

S)(F̃1 · F̃∗
A) +

1
2 (F̃1 · F̃1)(F̃∗

S·F̃
∗
A)
]︁

,

Q(FWM2)
S,A = 1

N2
2 NSNA

∫
d2r

[︁
(F̃2 · F̃∗

S)(F̃2 · F̃∗
A) +

1
2 (F̃2 · F̃2)(F̃∗

S·F̃
∗
A)
]︁

,

Q(FWM3)
S,A = 1

N1N2NSNA

∫
d2r [(F̃1 · F̃∗

S)(F̃2 · F̃∗
A) + (F̃2 · F̃∗

S)(F̃1 · F̃∗
A)

+(F̃1 · F̃2)(F̃∗
S·F̃

∗
A)] .

(15)

With ωS <ωA, S can naturally be identified as the Stokes mode and A the anti-Stokes. The
governing equation for mode A is obtained by the substitution S ↔ A. In addition, we can identify
FWM1(2) as corresponding to degenerate FWM from pump 1(2), and FWM3 to nondegenerate
FWM.

Angular momentum selection rules, embedded within the overlap integrals Q, dictate which
SO modes interact with each other via FWM. Considering the forms of the spatial modes
provided in Eq. (1), the azimuthal integration for Q(FWM1)

S,A is nonzero only if 2J1 = JS + JA.
Similarly, Q(FWM2)

S,A requires 2J2 = JS + JA, and Q(FWM3)
S,A requires J1 + J2= JS + JA. Thus, since

J determines the TAM of the mode, one can say the TAM of the light is conserved during
the FWM processes. When the modes involved in a particular FWM process carry nonzero
TAM and have negligibly small recessive spin components such that the approximate form
F̃(p,±,ℓ)(r⊥,ω0)≃σ̂±F̃(p,±,ℓ)(r,ω0) exp[iℓφ] is accurate, the overlap integrals are nonzero only
when OAM and SAM are conserved independently. For example, in this regime, Q(FWM3) ≠ 0
only when ℓ1+ ℓ2 = ℓS + ℓA and s1 + s2 = sS + sA, where s= + 1 for LCP-dominant modes and
s=−1 for RCP-dominant modes. This latter case was observed experimentally in Ref. [18].

Assuming the frequency matching conditions (delta functions in Eq. (14)) are satisfied, and
that the pumps carry undepleted powers P1 and P2, one can show that each FWM term can lead
to the growth of new SO modes. The resultant growth rates for each FWM process are

g(FWM1) =

√︃
4αSαA Q(FWM1)

S,A
2
P2

1 − κ
(FWM1)2 ,

κ(FWM1) = 2β1(ω1) − βS(ωS) − βA(ωA) + 2θ1 − θS − θA ,
(16)

g(FWM2) =

√︃
4αSαA Q(FWM2)

S,A
2
P2

2 − κ
(FWM2)2 ,

κ(FWM2) = 2β2(ω2) − βS(ωS) − βA(ωA) + 2θ2 − θS − θA ,
(17)

g(FWM3) =

√︃
4αSαA Q(FWM3)

S,A
2

P1 P2 − κ(FWM3)2 ,

κ(FWM3) = β1(ω1) + β2(ω2) − βS(ωS) − βA(ωA) + θ1 + θ2 − θS − θA ,
(18)
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where each θ is a nonlinear phase shift

θ1 = α1(Q(SPM)

1 P1 + Q(XPM)

1,2 P2) ,

θ2 = α2(Q(XPM)

2,1 P1 + Q(SPM)

2 P2) ,

θS = αS(Q(XPM)

S,1 P1 + Q(XPM)

S,2 P2) ,

θA = αA(Q(XPM)

A,1 P1 + Q(XPM)

A,2 P2) .

(19)

A Stokes and anti-Stokes mode pair will stably grow when g is real-valued. The growth rate
is maximized under the phase matching condition κ = 0, and larger pump powers will increase
the bandwidth over which the modes will grow. For SO modes, additional mode selectivity is
achieved by the constraint of conservation of TAM. Note that the growth rates in Eqs. (16)–(18)
are the power e-folding lengths, e.g. PS(z)=PS(0) exp[gz].

4. Simulation overview and fiber description

Directly solving Eqs. (12) and (14) would require construction of a Nm ×Nω system of equations,
where Nm is the number of modes and Nω the number of discrete frequency bins. One can reduce
this to a Nm system by allowing the mode envelopes to have a time dependence, i.e. Aq(z) →
Aq(z,t). Doing so and rederiving Eqs. (12) and (14) yields

∂zA1(z, t) =
[︃ ∑︁
k>0

i k+1

k! βk, 1∂
k
t +iα1(Q(SPM)

1 |A1 |
2 + Q(XPM)

1,2 |A2 |
2)

]︃
A1,

∂zA2(z, t) =
[︃ ∑︁
k>0

i k+1

k! βk, 2∂
k
t +iα2(Q(XPM)

2,1 |A1 |
2 + Q(SPM)

2 |A2 |
2)

]︃
A2,

(20)

∂zAS(z, t) =
[︃ ∑︁
k>0

i k+1

k! βk,S∂
k
t + iαS(Q(XPM)

S,1 |A1 |
2 + Q(XPM)

S,2 |A2 |
2)

]︃
AS

+iαS

[︃∑︁
A

Q(FWM1)
S,A A2

1A∗
A exp{i [(2β1 − βA − βS)z − (2ω1 − ωA − ωS)t]}

+Q(FWM2)
S,A A2

2A∗
A exp{ [(2β2 − βA − βS)z − (2ω2 − ωA − ωS)t]}

+Q(FWM3)
S,A A1A2A∗

A exp{i[(β1 + β2 − βA − βS)z − (ω1 + ω2 − ωA − ωS)t]}],

(21)

where βk,q(ω0) = (∂kβq(ω)/∂ω
k)ω0 accounts for dispersion. The number of terms required in the

dispersion expansion will depend on the bandwidth under consideration. The dynamics equation
for the anti-Stokes mode A is obtained by the substitution S ↔ A in Eq. (21). While Eqs. (20)
are in a form which can be solved using the nonlinear Fourier split-step technique [28], Eq. (21)
requires a much slower finite-difference procedure. In addition, the nature of Eq. (21) necessitates
an extremely small z step size to accurately capture potentially high frequency oscillations. As
such, in this portion of the paper we limit our efforts to utilizing Eq. (20) to perform a partial
validation of our analysis. That is, we explore FWM-based parametric amplification where the
generated Stokes and anti-Stokes signals are both in the same spatial mode(s) as the pump(s),
but at new frequencies. In this case the FWM processes are equivalent to the scalar modulation
instability (SMI) and cross-phase modulation instability (XPMI) previously explored in both
single-mode and multi-mode fibers [29,30].

Since the Fourier split-step simulation technique requires a finite-duration pulse, we use a
T = 0.8 ns length supergaussian pulse, i.e. Aq(z = 0, t) ∝ exp[−(2t/T)16]. For each test case we
perform 100 simulations with white Gaussian noise added to the beam profiles before propagation.
This acts as a seed for signal generation. We then analyze the ensemble average spectra after
propagation. When performing the Fourier transforms of the final envelopes, we only utilize the
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beam content within the pulse width to better approximate CW behavior. Dispersion terms up to
fourth order (β4) are included to ensure that the phase matching processes within the simulations
are accurate across the bandwidth of interest.

As for the fiber, we consider an air-core ring fiber as shown in Fig. 2(a) [15–19,24]. It consists
of an 8 µm radius air-filled core surrounded by a 2 µm thick high refractive index ring of a
GeO2-SiO2 mixture, followed by a cladding of pure SiO2. The ring-shaped refractive index
profile allows for the stable guiding of SO modes which have characteristic donut intensity
profiles. Examples of mode profiles are shown in Fig. 2(b). We observe that, for the (0,+,–2)
mode, the recessive spin component (RCP in this case) is comparable to, but still smaller than,
the dominant spin component (LCP). On the other hand, the higher-ℓ mode (0,+,+8) has a fairly
negligible recessive spin component. To characterize this effect across all modes in the fiber, we
quantify the relative strengths of each mode’s êj = {σ̂+, σ̂−, ẑ} component as

P̄j
q =

∫
d2r |F̃q(r⊥,ω0) · êj |

2∫
d2r |F̃q(r⊥,ω0)|

2 . (22)

Figure 2. (a) Refractive index profile for the air-core ring fiber under consideration. (b) Field 
profiles of the (0,–,+2) and (0,+,+8) modes. The mode solving procedure utilized generates 
profiles with purely real longitudinal components and purely complex LCP and RCP 
components. (c) Relative strengths of mode components for select fiber modes, quantified per 
Eq. (22). The radial orders p is omitted to keep the figure more legible but are equal to 0. All 
quantities displayed are evaluated at 1.064 μm.

Table 1. Dispersion and overlap parameters used for simulations.

 (0,–,+8) (0,+,+2) (0,+, –2)

neff 1.4648 1.4719 1.4714
β1, s/m 5.043E−9 5.021E−9 5.022E−9
β2, s2/m −4.997E−28 2.088E−26 2.065E−26
β3, s3/m 5.327E−41 3.086E−41 2.660E−41
β4, s4/m 5.342E−56 2.991E−56 5.989E−56
Q(SPM), V4/W2-m2 2.424E+15 2.761E+15 3.285E+15
Q(XPM), V4/W2-m2 − 3.412E+15 3.412E+15

Fig. 2. (a) Refractive index profile for the air-core ring fiber under consideration. (b)
Field profiles of the (0,+,–2) and (0,+,+8) modes. The mode solving procedure utilized
generates profiles with purely real longitudinal components and purely complex LCP and
RCP components. (c) Relative strengths of mode components for select fiber modes,
quantified per Eq. (22). The radial orders p is omitted to keep the figure more legible but are
equal to 0. All quantities displayed are evaluated at 1.064 µm.
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The results for a selection of modes are shown in Fig. 2(c). As discussed earlier, the two
spin components for TE and TM modes have the same strengths. Additionally, as ℓ increases,
the recessive spin component does become weak. Generally speaking, modes with higher ℓ
can be well approximated by the profile F̃(p,±,ℓ)(r⊥,ω0)≃σ̂±F̃(p,±,ℓ)(r,ω0) exp[iℓφ], and FWM
processes amongst these modes will, also to good approximation, conserve OAM and SAM
independently. On the other hand, TE, TM, and modes with low ℓ are better described by their
full forms Eqs. (3)–(6), and will not have such a restriction. What quantifies as “high” versus
“low” ℓ will vary depending on the fiber design and the level of analytical precision desired.

Further details on the fiber design and its modal properties are presented in the Supplement 1.

5. Scalar modulation instability of the (0,–,+8) mode

We first explore the case of a single pump: a 0.8 ns supergaussian pulse in the (0,–,+8) spatial
mode at 1.064 µm, with 1 kW peak power propagating over 3 meters. We consider only new
Stokes and anti-Stokes signals which are also in the (0,–,+8) spatial mode; this is equivalent to
scalar modulation instability (SMI). The relevant dispersion and overlap coefficients are provided
in the first column of Table 1. Note that, for SMI, Q(SPM) =Q(FWM1). Since this mode is in
the anomalous dispersion regime it will undergo the typical scalar modulation instability and
develop broad, symmetric sidebands about the pump frequency with peaks at λS = 1.108 µm and
λA = 1.023 µm. In addition, the dispersion curve is phase matched at a further detuning with
peaks at λS = 1.305 µm, λA = 0.898 µm. The simulation results are compared to the predictions
of Eq. (16) in Fig. (3).

Figure 3. Simulation results of a pump in the (0,–,+8) spatial mode at 1.064 μm, 1 kW power, 
and propagating over 3 m. The two pairs of peaks are also in the (0, –,+8) spatial mode, and are 
characteristic of scalar modulation instability.

We observe that the locations of the new modes are accurately predicted, including the 
spectral widths, although the gains are slightly overpredicted. The extra oscillations present are 
attributed to other FWM processes not considered in the analytic derivations. That is, any 
phase-matched set of frequencies β(ωa) + β(ωb) + θ(ωa) + θ(ωb) = β(ωc) + β(ωd) + θ(ωc) + θ(ωd) 
will interact through FWM. The analytic results presented are meant to capture the first-order 
effects of stably growing modes generated by the pump, i.e. the case where ωa = ωb = ω0, where 
ω0 is the pump frequency. Furthermore, these and following simulations were performed using 
a variety of sampling configurations, e.g. z-step size and time-domain sample spacing Δt, to 
ensure such features are not the result of numerical artifacts.

When considering signals that may be generated in new spatial modes, and the large number 
of spatial modes that are available in the fiber, it may be desirable to ensure the new signals 
have smaller bandwidths to prevent spectral overlap and avoid possible interference in signal 
growth. In Eqs. (16)–(18) we observe that decreasing the pump power will decrease the signal 
bandwidth, though a longer fiber will be needed to reach the same power levels. To test this, 
we repeat the prior case but with a 100 W pump and 30 m fiber length. The results are shown 
in Fig. (4). As predicted, the peak gains remain unchanged while the spectral widths are reduced 
to ≲1 nm for the further detuned signals.

Fig. 3. Simulation results of a pump in the (0,–,+8) spatial mode at 1.064 µm, 1 kW power,
and propagating over 3 m. The two pairs of peaks are also in the (0, –,+8) spatial mode, and
are characteristic of scalar modulation instability.

We observe that the locations of the new modes are accurately predicted, including the spectral
widths, although the gains are slightly overpredicted. The extra oscillations present are attributed
to other FWM processes not considered in the analytic derivations. That is, any phase-matched
set of frequencies β(ωa)+ β(ωb)+ θ(ωa)+ θ(ωb)= β(ωc)+ β(ωd)+ θ(ωc)+ θ(ωd) will interact
through FWM. The analytic results presented are meant to capture the first-order effects of stably
growing modes generated by the pump, i.e. the case where ωa =ωb =ω0, where ω0 is the pump
frequency. Furthermore, these and following simulations were performed using a variety of

https://doi.org/10.6084/m9.figshare.25052966
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Table 1. Dispersion and overlap parameters used for simulations.

(0,–,+8) (0,+,+2) (0,+, –2)

neff 1.4648 1.4719 1.4714

β1, s/m 5.043E−9 5.021E−9 5.022E−9

β2, s2/m −4.997E−28 2.088E−26 2.065E−26

β3, s3/m 5.327E−41 3.086E−41 2.660E−41

β4, s4/m 5.342E−56 2.991E−56 5.989E−56

Q(SPM), V4/W2-m2 2.424E+ 15 2.761E+ 15 3.285E+ 15

Q(XPM), V4/W2-m2 − 3.412E+ 15 3.412E+ 15

sampling configurations, e.g. z-step size and time-domain sample spacing ∆t, to ensure such
features are not the result of numerical artifacts.

When considering signals that may be generated in new spatial modes, and the large number
of spatial modes that are available in the fiber, it may be desirable to ensure the new signals have
smaller bandwidths to prevent spectral overlap and avoid possible interference in signal growth.
In Eqs. (16)–(18) we observe that decreasing the pump power will decrease the signal bandwidth,
though a longer fiber will be needed to reach the same power levels. To test this, we repeat the
prior case but with a 100 W pump and 30 m fiber length. The results are shown in Fig. (4). As
predicted, the peak gains remain unchanged while the spectral widths are reduced to ≲1 nm for
the further detuned signals.

Figure 4. Simulation results of a pump in the (0, –,+8) spatial mode at 1.064 μm, 100 W power, 
and propagating over 30 m. The lower power and longer fiber length allows for new signals with 
narrower bandwidths.

6. Cross-phase modulation instability of the (0,±,+2) spatial modes
We next explore the case of two pumps: one in the (0, –,+2) spatial mode, and the other in the 
(0,+,+2) spatial mode. Here, again, both pumps consist of 0.8 ns supergaussian pulses centered 
at 1.064 μm, have 100 W peak power, and propagate 30 m. We consider only new Stokes and 
anti-Stokes signals in either (0,±,+2) spatial modes. This is equivalent to cross phase 
modulation instability (XPMI). The relevant dispersion and overlap coefficients are provided 
in the second and third columns of Table 1 (note that, for XPMI, Q(XPM) = Q(FWM3)).

The simulation results are presented in Fig. (5). Neither mode has phase-matched SMI 
processes as the (0,–,+8) spatial mode does; however, there is a XPMI process predicted to 
occur, based on Eq. (18), with the (0,–,+2) spatial mode at λS = 1.1138 μm and the (0,+,+2) 
spatial mode at λA = 1.0185 μm. This is consistent with XPMI observed in other fiber types, 
where the slow mode (higher group index and β1) is Stokes shifted, while the fast mode (lower 
group index and β1) is anti-Stokes shifted [19,29]. Equation (18) also predicts a set of peaks 
detuned by ~0.1 nm from the pump. These correspond to the first-order approximation to the 
phase matching condition, (β1,S – β1,A) Ω = θ1 + θ2 – θS – θA, where Ω is the detuning. These 
signals are not present in the simulation: neither at the end of the 30 m fiber, nor any 
intermediately sampled distance. Since the derivation of the growth rates provided in Eqs. (16)–
(18) effectively assume distinct modes which are sufficiently separated in frequency, the very 
narrow detuning of these modes, and even partial overlap in the gain curves with the pump, 
may feed other nonlinear processes which suppresses their growth.

Fig. 4. Simulation results of a pump in the (0, –,+8) spatial mode at 1.064 µm, 100 W
power, and propagating over 30 m. The lower power and longer fiber length allows for new
signals with narrower bandwidths.

6. Cross-phase modulation instability of the (0,±,+2) spatial modes

We next explore the case of two pumps: one in the (0, –,+2) spatial mode, and the other in the
(0,+,+2) spatial mode. Here, again, both pumps consist of 0.8 ns supergaussian pulses centered
at 1.064 µm, have 100 W peak power, and propagate 30 m. We consider only new Stokes and
anti-Stokes signals in either (0,±,+2) spatial modes. This is equivalent to cross phase modulation
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instability (XPMI). The relevant dispersion and overlap coefficients are provided in the second
and third columns of Table 1 (note that, for XPMI, Q(XPM) =Q(FWM3)).

The simulation results are presented in Fig. (5). Neither mode has phase-matched SMI
processes as the (0,–,+8) spatial mode does; however, there is a XPMI process predicted to occur,
based on Eq. (18), with the (0,–,+2) spatial mode at λS = 1.1138 µm and the (0,+,+2) spatial
mode at λA= 1.0185 µm. This is consistent with XPMI observed in other fiber types, where the
slow mode (higher group index and β1) is Stokes shifted, while the fast mode (lower group index
and β1) is anti-Stokes shifted [19,29]. Equation (18) also predicts a set of peaks detuned by
∼0.1 nm from the pump. These correspond to the first-order approximation to the phase matching
condition, (β1,S – β1,A) Ω= θ1 + θ2 – θS – θA, where Ω is the detuning. These signals are not
present in the simulation: neither at the end of the 30 m fiber, nor any intermediately sampled
distance. Since the derivation of the growth rates provided in Eqs. (16)–(18) effectively assume
distinct modes which are sufficiently separated in frequency, the very narrow detuning of these
modes, and even partial overlap in the gain curves with the pump, may feed other nonlinear
processes which suppresses their growth.

Figure 5. Simulation results of pumps in the (0,+,+2) and (0,–,+2) spatial modes at 1.064 μm, 
100 W power, and propagating over 30 m.

7. Generation of new spatial modes
We now study the generation of spatial modes different than the pump(s), continuing with the 
case of pumps in the (0,±,+2) spatial modes at 1.064 μm. The FWM overlap integrals, Eqs. 
(15), are evaluated for all mode permutations and, when they are nonzero, Eqs. (16)–(18) are 
calculated for the peak growth rates. The results for degenerate and nondegenerate FWM 
processes are shown in Figs. (6) and (7) respectively. The growth rates are normalized to the 
pump power and are accurate for pumps up to ~1 kW (changes in the Stokes and anti-Stokes 
frequencies due to nonlinear phase shifts are at most ~1nm for 1 kW pumps for this test case). 
The x-axis denotes the Stokes and anti-Stokes modes generated. Note that all generated modes 
have zero radial order, and thus p is omitted from the mode labels to make the figures more 
legible. In addition, the last numbers in the labels are the wavelengths in μm. To emphasize 
how angular momentum evolves between the pump(s) and amplified modes, processes which 
conserve OAM and SAM independently are marked with blue circles while processes which 
do not are marked with red x’s.

Fig. 5. Simulation results of pumps in the (0,+,+2) and (0,–,+2) spatial modes at 1.064 µm,
100 W power, and propagating over 30 m.

7. Generation of new spatial modes

We now study the generation of spatial modes different than the pump(s), continuing with the case
of pumps in the (0,±,+2) spatial modes at 1.064 µm. The FWM overlap integrals, Eqs. (15), are
evaluated for all mode permutations and, when they are nonzero, Eqs. (16)–(18) are calculated
for the peak growth rates. The results for degenerate and nondegenerate FWM processes are
shown in Figs. (6) and (7) respectively. The growth rates are normalized to the pump power and



Research Article Vol. 32, No. 4 / 12 Feb 2024 / Optics Express 6504

are accurate for pumps up to ∼1 kW (changes in the Stokes and anti-Stokes frequencies due to
nonlinear phase shifts are at most ∼1 nm for 1 kW pumps for this test case). The x-axis denotes
the Stokes and anti-Stokes modes generated. Note that all generated modes have zero radial
order, and thus p is omitted from the mode labels to make the figures more legible. In addition,
the last numbers in the labels are the wavelengths in µm. To emphasize how angular momentum
evolves between the pump(s) and amplified modes, processes which conserve OAM and SAM
independently are marked with blue circles while processes which do not are marked with red
x’s.

Figure 6. Modes created by degenerate FWM-based parametric amplification with (0,+,+2) and 
(0,–,+2) pumps at 1.064 μm. The radial orders p is omitted to keep the figure more legible but 
are equal to 0. The last numbers in the mode labels are the wavelengths in μm.

Figure (6) (left) provides the growth rates for modes generated by degenerate FWM of the 
(0,+,+2) pump. Recall that the TAM of an SO mode is quantized by J in Eqs. (1) and (2), i.e. J 
= s + ℓ, where s is the dominant spin component and ℓ is the transverse OAM of that dominant 
spin component, with J = 0 for TE and TM modes. Thus, to obtain a nonzero FWM overlap 
integral, the selection rule 2J1 = JA + JS = +6 must be satisfied. All of the modes shown satisfy 
this condition. The differences in gain are due to variations in the mode profiles and thus 
overlap integral values. An equivalent selection rule of 2J2 = JA + JS = +2 is enforced for 
degenerate FWM from the (0, –,+2) pump, which is shown in Fig. (6) (right). Figure (7) shows 
the growth rates for modes generated by nondegenerate FWM of the two pumps. Here, the 
selection rule J1 + J2 = JS + JA = +4 is enforced. We note that Raman scattering of the pumps 
will likely produce a peak at ~1.12 μm, which may mask or disrupt the generation of the modes 
shown [18].

Under different conditions, such as for a fiber profile with a thicker “ring” section and thus 
smaller spin-orbit coupling, or when only larger-ℓ modes are involved in the FWM processes, 
the recessive spin components of the mode profiles can reasonably be discarded, i.e. 

( ) ( ) [ ]0 0, , , ,ˆ) ) exp( , ( ,p p irFσF r w w f^ ±± ± 
  . In this case the overlap integrals for FWM-based 

parametric amplification would enforce independent conservation of SAM and OAM, as has 
been demonstrated in prior experiments [16,18]. However, for the fiber design and pump 
configuration considered in this paper, such an approximation is unjustified. For example, one 
of the most efficient degenerate FWM processes of the (0,–,+2) pump will generate the (0,+,–
2) and (0,–,+4) spatial modes at λS = 1.492 μm and λA = 0.827 μm, respectively. Such a process 
would be “forbidden” under the reduced case.

Fig. 6. Modes created by degenerate FWM-based parametric amplification with (0,+,+2)
and (0,–,+2) pumps at 1.064 µm. The radial orders p is omitted to keep the figure more
legible but are equal to 0. The last numbers in the mode labels are the wavelengths in µm.

Figure (6) (left) provides the growth rates for modes generated by degenerate FWM of the
(0,+,+2) pump. Recall that the TAM of an SO mode is quantized by J in Eqs. (1) and (2), i.e.
J = s+ ℓ, where s is the dominant spin component and ℓ is the transverse OAM of that dominant
spin component, with J = 0 for TE and TM modes. Thus, to obtain a nonzero FWM overlap
integral, the selection rule 2J1 = JA + JS = + 6 must be satisfied. All of the modes shown satisfy
this condition. The differences in gain are due to variations in the mode profiles and thus overlap
integral values. An equivalent selection rule of 2J2 = JA + JS = + 2 is enforced for degenerate
FWM from the (0, –,+2) pump, which is shown in Fig. (6) (right). Figure (7) shows the growth
rates for modes generated by nondegenerate FWM of the two pumps. Here, the selection rule
J1 + J2 = JS + JA = + 4 is enforced. We note that Raman scattering of the pumps will likely
produce a peak at ∼1.12 µm, which may mask or disrupt the generation of the modes shown [18].

Under different conditions, such as for a fiber profile with a thicker “ring” section and
thus smaller spin-orbit coupling, or when only larger-ℓ modes are involved in the FWM
processes, the recessive spin components of the mode profiles can reasonably be discarded, i.e.
F̃(p,±,ℓ)(r⊥,ω0)≃σ̂±F̃(p,±,ℓ)(r,ω0) exp[iℓϕ]. In this case the overlap integrals for FWM-based
parametric amplification would enforce independent conservation of SAM and OAM, as has
been demonstrated in prior experiments [16,18]. However, for the fiber design and pump
configuration considered in this paper, such an approximation is unjustified. For example, one of
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Figure 7. Modes created by nondegenerate FWM-based parametric amplification with (0,+,+2) 
and (0, –,+2) pumps at 1.064 μm. The radial orders p is omitted to keep the figure more legible 
but are equal to 0. The last numbers in the mode labels are the wavelengths in μm.

8. Conclusion
In this work, we presented a generalized theory of four-wave mixing (FWM)-based parametric 
amplification for modes in azimuthally symmetric optical fibers. Strictly speaking, the modes 
in such fibers are characterized by a total angular momentum (TAM) quanta J, where each 
photon carries J  angular momentum along the propagation axis. Such modes have nonzero 
LCP and RCP spin components. We showed that this feature translates to selection rules during 
FWM-based parametric amplification, wherein TAM must be conserved. This is a 
generalization of prior research [16,18], where the fiber design and mode subset utilized 
allowed for the modes to be well-approximated as “pure” spin-orbit (SO) modes rather than 
TAM modes. In such cases the selection rules are more restrictive and correspond to 
conservation of orbital angular momentum (OAM) and spin angular momentum (SAM) 
independently.

In addition, we derived growth rates of new modes via degenerate and nondegenerate 
parametric amplification. Numerical simulations were performed for the cases where the 
generated Stokes and anti-Stokes modes are in the same spatial mode as the pump(s) – 
equivalent to scalar and cross-phase modulation instability of the pump beam(s). Our numerical 
simulations are in good agreement with our theory. We also calculated the growth rates of all 
new SO modes from a nondegenerate pump configuration and found that processes which 
“break” the selection rules for independent conservation of SAM and OAM, but are allowed 
under conservation of TAM, can be significant.
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Fig. 7. Modes created by nondegenerate FWM-based parametric amplification with (0,+,+2)
and (0, –,+2) pumps at 1.064 µm. The radial orders p is omitted to keep the figure more
legible but are equal to 0. The last numbers in the mode labels are the wavelengths in µm.

the most efficient degenerate FWM processes of the (0,–,+2) pump will generate the (0,+,–2)
and (0,–,+4) spatial modes at λS = 1.492 µm and λA = 0.827 µm, respectively. Such a process
would be “forbidden” under the reduced case.

8. Conclusion

In this work, we presented a generalized theory of four-wave mixing (FWM)-based parametric
amplification for modes in azimuthally symmetric optical fibers. Strictly speaking, the modes
in such fibers are characterized by a total angular momentum (TAM) quanta J, where each
photon carries Jℏ angular momentum along the propagation axis. Such modes have nonzero
LCP and RCP spin components. We showed that this feature translates to selection rules during
FWM-based parametric amplification, wherein TAM must be conserved. This is a generalization
of prior research [16,18], where the fiber design and mode subset utilized allowed for the modes
to be well-approximated as “pure” spin-orbit (SO) modes rather than TAM modes. In such
cases the selection rules are more restrictive and correspond to conservation of orbital angular
momentum (OAM) and spin angular momentum (SAM) independently.

In addition, we derived growth rates of new modes via degenerate and nondegenerate parametric
amplification. Numerical simulations were performed for the cases where the generated Stokes
and anti-Stokes modes are in the same spatial mode as the pump(s) – equivalent to scalar and
cross-phase modulation instability of the pump beam(s). Our numerical simulations are in good
agreement with our theory. We also calculated the growth rates of all new SO modes from a
nondegenerate pump configuration and found that processes which “break” the selection rules
for independent conservation of SAM and OAM, but are allowed under conservation of TAM,
can be significant.
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